The energy levels of the n = 1 and n = 2 bound states of the µ + µ − atom (true muonium) are calculated starting from a previously derived potential that describes positronium correctly to order α 5 . All electron vacuum polarization corrections on the true muonium levels are computed to the same α 5 order and a few of order α 6 are examined to get a sense of size of these contributions.
INTRODUCTION
Since the discussion of the µ + µ − bound system (true muonium) by Hughes and Maglic [1] in 1971 and a calculation of the ground state hyperfine splitting due to electron vacuum polarization shortly thereafter [2] , the topic remained relatively dormant until the late 1990's [3] . Recently, with the increasing prospect of experimental searches for these bound states, there has been a renewed theoretical interest in the µ + µ − atom [4] [5] [6] [7] [8] and numerous discussions about the best method to discover true muonium [9] [10] [11] [12] [13] . The calculations that follow amount to another take on the spectrum of the µ + µ − bound system. They start from a non-relativistic positronium potential that contains all relativistic and QED one-loop corrections. As usual, this potential is supplemented by numerous electron vacuum polarization contributions to the µ + µ − spectrum. Brief sketches of the electron vacuum polarization calculations are given below and the individual results are contained in Table  I . A more detailed description of these calculations can be found in [14] . The net result may add something to the theoretical discussion of true muonium particularly in the values of the 2P → 2S transitions.
VACUUM POLARIZATION CORRECTIONS
A convenient starting point for calculation of the true muonium energy level spectrum is the perturbative potential that describes the spectrum of positronium. A potential with this property is derived in Ref. [15] and includes all QED corrections to order α 5 . It consists of a direct potential V ′ ( r) and an annihilation potential V ′′ ( r) given by
and 
V P includes the pion one-loop contribution.
The large electron vacuum polarization correction to the Coulomb interaction can be included by using the dispersion representation for the photon propagator [16] [17] [18] 
where
For the eē intermediate state, the leading contribution, ∆ (2) (λ), is
If we take k 2 to be space-like, then the modified Coulomb interaction is
Transforming to coordinate space
The first order spin-independent contributions of V V P ( r) to the 1S, 2S and 2P states are given in the E (2) V P column of Table I . For example, the leading e + e − vacuum polarization correction to the ground state is
where β = 2m e /m µ α.
There is also a fourth order contribution to ∆(λ), ∆ (4) (λ), due to Källen and Sabry [18] . It results in a potential V KS (r) whose contributions are found in the E (4) V P column of Table I . The ground state contribution has the form that resembles Eq. (10)
with
In
It is comprised of a pair of one-particle reducible terms: one containing three electron loops and the other consisting of an electron loop connected to an electron loop that has one internal photon line. These contributions are accompanied by an irreducible three loop bubble diagram [19] . The reducible diagrams can be calculated using ∆ (2) (λ) and ∆ (4) (λ). The calculation of the irreducible diagram is not included here. These corrections appear in Table I as E (6) V P . The potential V V P ( r) can also contribute in the second order of non-relativistic perturbation theory and these contributions are found in the E V P V P column in Table I . For the ground state, E V P V P (1S) is obtained from
where g 10 (x, x ′ ) is the Coulomb radial Green's function
Here Ei(x) is the exponential integral and x < is the smaller of x and x ′ . The x and x ′ integrals can be evaluated analytically using Mathematica and the remaining integrals over ∆ (2) (λ), when evaluated using NIntegrate, give −0.04782. With this, E V P V P (1S) = −0.32260 meV.
In addition, there are order α 5 contributions from the combination of V V P (r) and V KS (r) and these are given in the E V P V K column of Table I . The calculation analogous to Eq. (13) with ∆ (4) ( √ ρ/2) replacing ∆ (2) (ρ) together with adding a factor of 2 and an adjustment in the couplings. There are also order α 5 contributions from third order non-relativistic perturbation theory involving three V V P potentials, but these are negligible.
The electron vacuum polarizations computed thus far are spin-independent. Since the µ + µ − bound system [1] has an annihilation channel, there are corrections associated with this process. Some of them are contained in Eq. (2), but the largest effect is the electron vacuum polarization correction, which depends on S 2 [2] . The energy associated with the annihilation process is
For ∆ (2) (λ), the integral can be evaluated analytically [2] and the result is −3.4609 α/π, leading to the entries in the E A column of Table I . The analogous calculation using ∆ (4) (λ) was performed numerically and those results are in the E A KS column of Table I. The columns in Table I labelled with a ∆ contain the electron vacuum polarization corrections to the terms in Eq. (1) that contribute to order α 4 as well as the second order contribution from the kinetic energy term
The second order perturbative corrections are a straight forward calculation of V V P (r) with one of the terms in Eq. (1) using the appropriate Green's functions [14] . To illustrate the direct inclusion of the vacuum polarization effect, consider the hyperfine term 4πα S 2 δ( r)/(3m 2 µ ). This term arises from the momentum space expression
In other words, from Eq. (6), the vacuum polarization correction is obtained by replacing −e 2 / k 2 by V V P ( k 2 ). One can then transform to coordinate space and calculate the relevant expectation values. The procedure of replacing −e 2 / k 2 by V V P ( k 2 ) works for all of the order α 4 terms.
The final two columns in Table I are E Tot = E 2 + E 4 + electron vacuum polarization modifications and E 0 , the unperturbed energy.
If the pion vacuum polarization correction is included in E V P and E A , the frequencies of various transitions are shown in Table II . These results are compared with Ref. [20] .
CONCLUSIONS
Comparing the results in Table II , there are differences in the ground state hyperfine splitting and the 2 3 S 1 − 1 3 S 1 splitting that are outside the quoted errors. On the other hand, the 2P − 2S frequencies are consistent those in Ref. [20] . To assess the errors from uncalculated order α 6 terms, three α 6 were calculated: the second order V KS correction, the α 6 hyperfine contribution from Eq. (1) and the annihilation contribution of the Källen-Sabry term. The first is completely negligible and second contributes −0.0125 10 3 MHz to the 2 3 S 1 state. The third, which is included in Table I , amounts to a change of 0.183 10 3 MHz, in the 2P − 2S splitting, which suggests a conservative estimate of the uncertainty in ∆(2 3 P 2 → 2 3 S 1 ) = 1.20439(5) 10 7 MHz.
